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Abstract

Purpose. Tropical cyclones leave ‘footprints’ on the ocean surface in the form of sea surface height
anomalies, which are well observed by satellite altimeters. Recent studies have shown that the values
of these anomalies, normalized by the square of the maximum wind speed in the tropical cyclone and
the acceleration due to gravity, are a universal function of a dimensionless parameter composed of the
radius of maximum wind speed, translation speed of the tropical cyclone and the buoyancy frequency
in the seasonal pycnocline. The purpose of this paper is to investigate physical processes responsible
for the formation of tropical cyclone wakes in sea surface height anomalies, assess contribution of
barotropic and baroclinic modes, and substantiate and quantify the self-similarity of hurricane-induced
sea surface height anomalies revealed in satellite altimetry.

Methods and Results. The paper considers sea surface height anomalies in wakes of tropical cyclones
observed in different regions of the World Ocean from 2010 to 2020. The modelling is carried out using
a simplified model of the baroclinic and barotropic response of the ocean to moving tropical cyclones.
Calculations show that the first and second baroclinic modes make a significant contribution to the sea
surface height anomaly, and the contribution of the third baroclinic mode is of secondary importance.
The relative contribution of the barotropic mode depends substantially on the local ocean depth, and it
is greater when the ocean is shallower. However, the contribution of the barotropic mode to satellite
altimetry measurements of the ocean surface height in wakes of tropical cyclones can be ignored, since
the lifetime of the barotropic perturbation is significantly shorter than a typical time interval between
the passage of the tropical cyclone and the measurements.

Conclusions. Empirical parameterizations of satellite altimetry measurements of the sea surface height
anomaly in wakes of tropical cyclones can be reproduced by superposition of the first three baroclinic
modes describing the ocean response to the tropical cyclone passage. In this case, the best fit of the
modelling results to the measurement data is achieved if the ocean surface drag coefficient at hurricane-
force winds has an approximately constant value of 2.25-1073. This result can be considered as an
estimate of the momentum exchange between the ocean and the atmosphere at hurricane-force winds,
which remains a subject of present-day scientific effort.
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Introduction

Tropical cyclones (TCs) propagating over the ocean result in barotropic and
baroclinic disturbances. These disturbances manifest themselves as perturbations of
the sea surface height (SSH). The author of [1] was the first to study the impact of
the barotropic mode on the ocean surface. Using a two-layer fluid approximation as
an example, the author showed that the steady-state displacement of the free surface
produced by a point source of vorticity moving in a straight line has the form of
atrough along its trajectory. The depth of the trough exponentially decays in
the cross-track direction, with the decay rate being the inverse of the barotropic
radius of deformation. He also obtained a solution for baroclinic displacements of
the interface between thetwo layers, but theauthor did not consider
the manifestation of these displacements in variations of the SSH. The authors of [2]
gave analytical expressions for the SSH anomaly associated with the barotropic
mode and the currents corresponding to this mode. The authors derived relations that
are applicable to wind fields resembling those of real atmospheric cyclones. Using
numerical modelling, the authors also obtained SSH anomalies associated with
the baroclinic mode and showed that in the case of a two-layer fluid, baroclinic SSH
anomalies are out of phase with and proportional to the displacements of
the interface between the two layers (pycnocline) with a proportionality coefficient
equal to the relative difference in densities of the two layers.

With the advent of satellite altimetry data, it became possible to experimentally
study SSH anomalies produced by moving TCs. At present, surface heigh anomalies
can be considered well documented. The results of [3-5] show that SSH anomalies
observed by altimeters are described quite well by the relationship

hsg N1Rm
U2 - s v (1)
m

where g — acceleration due to gravity; hs — SSH anomaly; Un — maximum wind speed
in the TC; N; — buoyancy frequency in the seasonal thermocline; Rm — radius of
maximum wind speed in the TC; V — TC translation speed, and c¢s — empirical
constant. Experimental estimates of the proportionality constant in the equation (1)
from the works mentioned are ¢, = 6.9-107° [3, 4] and ¢, = 8.6-107° [5].

Expression (1) was obtained in [3] using the condition of pressure continuity
across the ocean surface and the pycnocline displacements in a two-layer model,
taken from [1], considered as a scale of TC-induced displacements in continuously
stratified ocean. Accordingly, equation (1) was initially obtained for the first
baroclinic mode, whereas SSH anomalies analyzed in [4, 5] have, as a matter of fact,
an unknown mode composition.

In processing altimetry data, the authors of [4, 5] excluded cases with a local
ocean depth of less than 2 and 5 km, respectively. The authors assumed that using
this depth-based filtration of data allowed them to minimize the contribution of
the barotropic mode to the displacement of the ocean surface, and the approximation
of SSH anomalies by equation (1) then becomes justified. The assumption that
the exclusion of barotropic surface displacements is possible by simply discarding
the data according to the ocean depth criterion requires clarification. Indeed,
according to [1], the ratio of the barotropic displacement of the ocean surface to
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the displacement of the interface in atwo-layer fluid is equal to theratio of
the corresponding radii of deformation:

hot _ Rhe _ (ﬂ)l/ 2
Nbc  Rpe H '

where Hi — upper layer thickness; H — ocean depth; € — relative density difference.

As shown in [2], the displacement of the ocean surface associated with the baroclinic

mode is well described by the formula hpe = €npe, Which means that the ratio of

the barotropic SSH anomaly to the baroclinic one is

hye _ (ﬂ)
th B eH '

When substituting values typical for the ocean & = 103, H;= 200 m, H = 5000 m,
we obtain a ratio of the order of unity, which means that barotropic and baroclinic
displacements of the ocean surface are comparable even in conditions of
a sufficiently deep ocean. For this reason, the influence of the barotropic mode on
SSH anomalies parameterized by formula (1) remains unclear. In addition, the role
of higher-order baroclinic modes in the formation of the SSH anomaly is also
unclear. If their role is significant, it is necessary to explain why SSH anomalies
observed experimentally in [3-5] are well parameterized by the law (1), which
assumes the dominant role of the first baroclinic mode.

The aim of our study is to analyze SSH anomalies produced by moving TCs and
their parameterization taking into account the barotropic response and the multimode
structure of the baroclinic response of the ocean to the passage of the TC.

Model and input parameters

Main equations

To model the SSH anomaly, we use a simplified model of the baroclinic and
barotropic response of the ocean to a moving TC proposed in [6]. The model
equations are written for the unbounded, inviscid fluid consisting of three layers —
seasonal, main pycnocline and abyssal. In each layer, buoyancy frequencies are
constant (zero in the abyssal). The model is based on the linearized equations of
motion in Boussinesq approximations on an f-plane, written in a coordinate system
whose origin is fixed at the TC centre. The initial condition is a horizontally
homogeneous ocean at rest. The stationary solution of the problem in coordinate
system moving with TC is considered. The driving force is the ‘“frozen’ wind stress
field of the TC moving along the x-axis (in opposite direction) with a constant
speed V. The details of constructing the wind vector field in the TC are given in
the next section. Equations for the barotropic mode are obtained assuming the ocean
with uniform density.

Under the approximations mentioned above, the displacement of the ocean
surface relative to the undisturbed state (SSH anomaly) is determined as

h(x,y) =3 [5, w',y, 0)dx, 0
where w(x, y, 0) is the vertical velocity at the surface associated with either
baroclinic or barotropic modes.

The barotropic vertical velocity is given by the Fourier integral:
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Wbt(x y) CZ (2 )2 ff"'oo dkdlp(k l)e—z(kx+ly) (3)

The function P(k, I) is defined as

Pk, D) = Fk D

(1= (V/Cpo)?)k2 + 12 + o,

and F(k, 1) is the two-dimensional Fourier transform of the curl of the wind stress
7(x,y) in TC:

F(k, D= ff:: dxdy F (x, y)ei(kx+ly),
(V'T)z
F(X, )’) = 2

In the equations above, k, | — components of the wave vector; f — Coriolis
parameter; Cp; = \/g_H — phase speed of long waves (g — acceleration due to gravity,
H - ocean depth) and oy, = f/C,: — reciprocal of the barotropic radius of
deformation.

The vertical velocity at the surface, associated with the n-th baroclinic mode, is
found using the dynamic boundary condition at the sea surface, according to which
the velocity at the level z = 0 is proportional to the vertical gradient of the vertical
velocity at the surface:

n) c2\ ow C)(xyo)
wye’ (x,y,0) = ( )bT, (4)

where C, — eigenvalue (long wave speed) for the n-th baroclinic mode (see Appendix
for the calculation of eigenvalues). Three-dimensional field of vertical velocity of
the n-th baroclinic mode is represented as the product of two functions:

wP (x,y,2) = W @OWP (x, ).

The function WZ(") (z), depending on the vertical coordinate, has the following
piecewise-smooth form in the three-layer ocean approximation:

aqp Sin(N; z/Cp),z > —d4,
Wz(n)(z) = {azn SIN(Nz[z + d3]/Cr + Pn) , —d;y <z < —d;,
ayn(z+ H)/(H—d,)sing,,z < —d,,

where d,, d, — depths of lower boundaries of seasonal and main pycnoclines,
respectively, Ni, No — buoyancy frequencies corresponding to the two layers.
Original equations for nondimensional coefficients ai, u a2y are given in [6, p. 3483].
In this study, we modified them to allow for a more accurate description of the finite-

depth effects that can influence the shape of WZ(") (z). The modified expressions for
ain and azn as well as expressions for ¢n are given in Appendix at the end the article.

Taking into account the above expressions for the baroclinic vertical velocity,
the dynamic boundary condition (4) can be rewritten as

Wi (x,,0) = g7 a1, Ny Cu WP (x, ). (5)
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The function I/I/x(;l) (x,y), depending on the horizontal coordinates, is given by

two different Fourier integrals. The choice of the integral depends on the ratio
between the TC translation speed V and the long wave speed for the n-th baroclinic

mode. At V > C,, the function Wx(;)(x,y) is determined by one-dimensional
integrals:

1 (@ _
Wi ) = : JdlkrilQn(x,l)e‘”y,

V2= CP)2m
Qn(x, D) = fx dx' F(x, Dsin k,,(x — x"),

where

F(x, ) = deyF(x,y)e”y

— 00

is the one-dimensional Fourier transform of the wind stress curl in the TC, and

- 12 + o2
ne W) -1

where o, = f/C, — reciprocal of the n-th baroclinic radius of deformation.
At V < C,, the baroclinic vertical velocity has a spatial shape similar to that of
the barotropic velocity:

n) _ fo1 e —i(kx+1y)
W, (x,y) = ——Jf dkdl P,(k,De y),
g cz(2m?))_, "
where
Pl ) = G

A-(V/Cr)K2+12+a?’

Thus, by applying equation (2) to equations (3) and (5), one can obtain two-
dimensional fields of the SSH anomaly associated with the barotropic and baroclinic
modes excited by the moving TC.

As can be seen from equation (3) and the function Wx(;l) (x,y) in equation (5),
the forcing exciting the vertical motion in the ocean according to the model [6] is

represented by the wind stress curl only. Terms associated with the wind stress
divergence and atmospheric pressure perturbation, which could be, in general,

included in equation (3) and the expression for I/I/x(;l) (x,y) in equation (5), are not
considered in [6]. This is due to the fact that it is the wind stress vorticity that
determines the steady-state response of the ocean to the TC passage in the form of
SSH anomaly measured by altimeters. As shown in [1, 7-9], significant disturbances
of the SSH caused by atmospheric pressure anomaly in the TC and wind stress
divergence are localized in the area under the TC eye and disappear in its wake, i.e.,
after the TC passage. Since the probability of an altimeter taking measurements in
the vicinity of the TC eye is rather small (in [4, 5] the time delay between the TC
passage and the altimeter measurement ranged from 0 to 7 days), the contribution of

412 PHYSICAL OCEANOGRAPHY VOL. 32 ISS.3 (2025)



atmospheric pressure anomalies and wind stress divergence in the TC to the SSH
anomaly measured by satellite altimeters can be easily assumed be virtually zero.

Further, we will show that the barotropic SSH anomaly obtained with equations
(3) and (2) has a shape of a trough, extended along the TC trajectory and decaying
in the cross-track direction, with the decay rate being the inverse of the barotropic
radius of deformation [1]. The baroclinic SSH anomaly field obtained with equations
(5) and (2) under the condition V < C, has ashape of atrough as well, which,
however, decays at therate equal to theinverse of the baroclinic radius of
deformation. If the TC translation velocity V > C,, then the trough is superimposed
by a wave wake resulting from the excitation of inertia-gravity waves. The kinematic
properties of this wake were analyzed in detail in [1].

We expect that satellite altimetry data reflects SSH anomalies formed by
the superposition of barotropic and baroclinic displacements of the ocean surface
behind TCs, which are discussed in the next section.

TC and stratification parameters

In this section, we apply the model described above to model SSH anomalies
produced by real TCs. We consider TCs that existed in different regions of the World
Ocean from 2010 to 2020. We selected those TCs whose category did not fall below
category one on the Saffir-Simpson scale for at least one day. The total number of
TCs satisfying this condition was 417. Data on the location of TCs, their maximum
wind speed U, and translation speed V were taken from the IBTrACS database [10]
(variables with the usa_ prefix), in which the time series have 3-hour time resolution.

To construct a two-dimensional wind field, we use the model of tangential wind
speed in the TC proposed in [11]. To apply this model, we used information on
the radii of reference wind speeds (34, 50 and 60 kt) in different quadrants of TCs,
which is available in the IBTrACS. The resulting profile of the tangential wind speed
is set equal to the profile of thewind vector magnitude. To specify a two-
dimensional wind vector field, we introduced an inflow angle of 22.5° which is
ameasure of the deviation of the wind direction from purely cyclonic one.
The radius of the maximum wind speed Rm, which is necessary for subsequent
analysis, was determined as the radius at which the wind speed profile obtained with
[11] attains its maximum. For the analysis, we retained TC positions at which
the condition U,,/(fR,,) = 10 was satisfied, because the model [11] reproduces
the maximum wind speed in the TC only in the limit U,,/(fR,,,) « 1. An example of
the wind speed radial profile is shown in Fig. 1, a.

It follows from the previous section that one of the input parameters of
the model is the wind stress curl at the surface of the ocean. The wind stress vector
was calculated using the standard relationship:

T = paCy|UIU,

where p, = 1.15 kg-m= — air density; U — wind vector, and Cq — sea surface drag
coefficient calculated in the same way as in [12]. At Un < 40 m-s™* Cq4 behaves like
the drag coefficient in equation (18) [3], where we used Cq from COARE3.5 [13]
as a reference. At Un > 40 m-s™ Cq equals 0.0015. The wind-speed dependence of Cq
is shown in Fig. 1, b. An example of wind stress curl radial profile is shown in Fig. 1, c.
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F i g. 1. Radial profile of wind speed obtained using the model [11] (a); dependence of the drag
coefficient on the wind speed (the black line is Ca from [12] used throughout this study; the gray line
is the drag coefficient from [14] (b); radial profile of wind stress curl (the variable on the vertical axis
divided by sea water density) (c)

To define the ocean stratification, we use temperature and salinity profiles from
the MAXSS Storm Atlas * (product — atlas of multi-source earth observations over
tropical cyclones for the time period 2010-2020). The four-dimensional datasets
(three spatial dimensions and one time dimension) are Argo float data interpolated
onto a regular spatiotemporal grid (ISAS20 product 2). The temperature and salinity
data have monthly time resolution, a spatial resolution of 0.5° in longitude, and
a variable resolution in latitude. The vertical grid with 187 grid points covers
the water column from the surface to 5500 m depth. The temperature and salinity
profiles at the TC positions were obtained using the linear interpolation in space and
time. The potential density of seawater was calculated from these profiles using
the TEOS10 thermodynamic equation of state ®. Finally, the potential density
profiles were converted to those of the buoyancy frequency (see Figs. 2, a, b). We
note that the three-layer approximation of the water column in the model [6]
performs poorly when the local ocean depth is low. Therefore, we excluded those TC
positions which had local depths less than 200 m from consideration.

The model of the baroclinic and barotropic ocean response [6] was derived for
idealized conditions in which the TC parameters are constant in time, the ocean
stratification is horizontally uniform, and the changes in the Coriolis parameter with
latitude are not taken into account. To apply this model to real conditions, we assume
that the parameters Um, Rm, and V corresponding to a given TC at a given time are
constant, and the buoyancy frequency profile obtained from the temperature and
salinity profiles interpolated onto the TC location point is horizontally uniform.

L Piollé, J.-F., Reul, N. and De Boyer-Montégut, C., 2023. Atlas of Multi-Source Earth Observa-
tions over Tropical Cyclone (2010-2020) for ESA MAXSS Project. Ver. 1.0. Plouzane, France: Ifremer.
[Accessed: 07.12.2022]. https://doi.org/10.12770/6 C56 BCDE-050F-42EB-92B8-8E882E1F4DB9

2 Kolodziejczyk, N., Prigent-Mazella, A. and Gaillard, F., 2023. ISAS Temperature, Salinity,
Dissolved Oxygen Gridded Fields. SEANOE. https://doi.org/10.17882/52367

3 McDougall, T.J. and Barker, P.M., 2011. Getting Started with TEOS-10 and the Gibbs Seawater
(GSW) Oceanographic Toolbox: Version 3.0. CSIRO Marine and Atmospheric Research, 28 p.

414 PHYSICAL OCEANOGRAPHY VOL. 32 ISS.3 (2025)



N, N,
O T T I 10 T T
- | \
2200 1 -dH ]
-400 + 4 4 .
-600 - 4 .
-800 + 1 4t
8 1000 | 1t i
N
-1200 _d24
-1400 + 1t 1 .
-1600 + - 4k -
N(z) n=1
-1800 | 11 3-layer 1L n=2 ]
approx. n=3
_2000 | 1 1 | L 1 |
0 10 20 0 0.01 0.02 -1 0 1
T, °C N, rad-s™! WZ(”)

Fig. 2. Initial temperature profile (a), initial buoyancy frequency profile (b), and profiles of the first
three baroclinic modes of vertical velocity (c). The result of breaking the water column into three layers
based on the buoyancy frequency profile is shown in the center figure, where the horizontal lines denote
the lower boundaries of the seasonal and main pycnocline, respectively, and the black line shows
the piecewise constant buoyancy frequency profile used in the model. To display the details of
the vertical distribution of the parameters near the ocean surface, the depth range is limited to 2 km.
The ocean depth in this case is 4.8 km

Then, the model is run in the idealized computational domain, in which two-
dimensional fields of the SSH anomaly associated with the baroclinic and barotropic
modes and their superposition are calculated. The computational domain in
the horizontal plane has the shape of asquare with aside of 2Ry, where Ry is
the barotropic radius of deformation at the given TC position, and the spatial
resolution is set to Ru/5.

The total number of TCs left in our database after the removal of TC positions
based on local depth and values of Un/(fRm) parameter was 400.

Results

Examples of modelled baroclinic and barotropic TC-induced SSH
anomalies

To illustrate the modelled SSH anomaly described in the previous section, we
consider a specific example of TC Igor — category 4 TC that occurred in the North
Atlantic in 2010. At 15:00 UTC on 15 September 2010, the TC had the following
parameters: maximum wind speed Un = 59.1 m-s7%, translation speed V = 3.2 m-s%,
coordinates of the TC eye 19.6°N, 55.0°W. The radial profile of the wind speed in
PHYSICAL OCEANOGRAPHY VOL.32 ISS.3 (2025) 415



the TC, constructed using the model [11], is shown in Fig. 1, a, and
the corresponding profile of the wind stress curl is shown in Fig. 1, c. According to
the wind model, the radius of the maximum wind speed Rn was 41.9 km.
The temperature and salinity profiles obtained by spatiotemporal interpolation of
ISAS20 data onto the given TC position are shown in Fig. 2. The same figure shows
the buoyancy frequency profile and vertical velocity eigenfunctions for the first
three baroclinic modes.

SSH anomalies of the first three baroclinic modes calculated using equations (2)
and (5) are shown in Fig. 3, a, b and c. The baroclinic response possesses wave
oscillations associated with inertia-gravity waves characteristic of these conditions,
in which C, do not exceed the TC translation speed. The wave-filled wake has
features typical of a baroclinic response: higher-order modes have a longer
wavelength and a smaller wedge angle. In addition to wave motions on the ocean
surface, the baroclinic response also consists of atrough (see Fig. 5, a).
The amplitude of wave oscillations and the magnitude of the surface trough weaken
as the mode number increases. The shape of the sea surface corresponding to
the barotropic mode calculated using equations (2) and (3), has no wave-filled wake,
but a trough aligned with the TC track (Figs. 3, d, 4, d and 5, a).
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Fig. 3. SSH anomaly in the deep ocean (4.8 km depth), corresponding to the first baroclinic mode (a),
second mode (b), third mode (c), and barotropic mode (d). Parameters x/Rm and y/Rm represent
the distance from the TC eye normalized by the radius of maximum wind speed. TC parameters in this
particular case are Um = 59.1 m-s™, Rm = 41.9 km, V = 3.2 m-s7, latitude = 19.6°
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Fig. 5. Transections of the two-dimensional SSH anomaly fields along the line y/Rm= 0, corresponding
to the first (BC1), second (BC2), third (BC3) baroclinic modes and the barotropic mode (BT) from
Fig. 3 (a), corresponding to the superposition of the first two baroclinic modes and the barotropic mode
in deep (blue line) and shallow (orange line) ocean conditions (b). The dashed horizontal lines show
the average SSH anomaly, which is analyzed and used in comparison with SSH anomalies calculated

from the parameterizations [3-5]
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If we decrease the ocean depth, the long wave speeds C, for the baroclinic
modes decrease, which leads to changes in the shape of the wave-filled wake:
the wavelength becomes greater and the wedge angle becomes smaller, as shown in
Fig. 4 (cf. Fig. 3). At the same time, the decrease in the ocean depth leads to
a significant increase in the barotropic displacement of the sea surface (cf. Fig. 4, d
with Fig. 3, d). We will address the dependence of the barotropic SSH anomaly on
the local ocean depth in the next section.

To compare the modelled SSH anomalies with the observed ones described by
the relation (1), we use the average SSH anomaly along the line y/Rn =0 at X/Rn> 0.
The choice of the average anomaly is justified by the fact that the altimeter
acquisition time has a random shift relative to the time of TC passage through
a given point in the sea surface (in studies [4, 5] this shift reached 7 days). Therefore,
when considering a large dataset of satellite altimeter measurements, SSH anomalies
induced by inertia-gravity waves give a zero contribution, and it is the average TC-
induced surface displacement (displacement left after the TC passage), associated
with troughs of baroclinic and barotropic modes, that dominates the altimetry signal.

Modelling of TC-induced SSH anomalies in the World Ocean

In the same way the model was applied to TC Igor in the previous section, we
applied the model to simulate and then calculate SSH anomalies produced by all the TCs
from the considered set at different points of the World Ocean at different times. At each
TC position, we calculated the average SSH anomaly produced by different modes and
their superposition (as in Fig. 5). These calculations are analyzed here.

Fig. 6 shows the relative contribution of the second and third baroclinic modes
to the SSH anomaly. The contribution of the second baroclinic mode to the modelled
SSH is significant. In 50% of cases, the second baroclinic mode leads to an increase
in the average SSH anomaly by more than 36%. Among these, we can also highlight
cases in which taking into account the second mode leads to an increase
in the average SSH anomaly by a factor 2 or greater. The contribution of the third
mode to the baroclinic SSH anomalies leads to aless significant effect.
In the overwhelming majority of cases, accounting for the third mode leads to SSH
anomaly increase that does not exceed 30%, and in half of the cases the increase
in the anomaly does not exceed 14% compared to the average SSH anomaly
produced by the superposition of the first two baroclinic modes.

Fig. 7 shows the relative contribution of the barotropic mode to the average SSH
anomaly produced by the superposition of first two baroclinic modes and
the barotropic mode. It follows that even at the ocean depth of 5.5 km, barotropic
mode accounts for 20% of the total SSH anomaly caused by the two baroclinic
modes and the barotropic mode, which means that the barotropic mode cannot be
considered negligible. At depths less than 2 km, barotropic SSH anomalies can be
more significant, and at depths less than 500 m, taking into account the barotropic
motions, can increase the total SSH anomaly by more than a factor of two. The color
coding in Fig. 7 shows that the barotropic mode increases the SSH anomaly
associated with the two baroclinic modes by more than 100% in situations when
the total baroclinic SSH does not exceed 50 cm. Note that in Fig. 7 the maximum
depth is 5.5 km, which is the maximum depth in the ISAS20 database. If, however,
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we consider ocean depths taken, for example, from the ETOPO database, the results
in cases where the ocean depth exceeds 5.5 km remain practically unchanged.
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Fig. 8, a shows the modelling results in dimensionless variables dictated by
equation (1). To be consistent with [4, 5], we excluded cases with the local
depths less than 2 km from Fig. 8. It is evident that SSH anomalies calculated from
only the first baroclinic mode follow the power-like law, but the ‘level’ of
the modelled anomalies significantly underestimates that of the parameterizations
obtained in [3-5]. Indeed, the proportionality coefficient of the power law fit to
the modelled SSH anomaly in dimensionless variables is 3.85 x 10~° as opposed to
6.9-107° from [3, 4]. If we add the second baroclinic mode to the first mode,
the power-law dependence becomes more pronounced, and the level of the modelled
SSH anomaly increases significantly (Fig. 8, b). Despite these improvements,
the average SSH anomaly still does not reach the level of anomalies predicted by
the parameterizations of [3-5]. Addition of thethird baroclinic mode and
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the barotropic mode separately to the superposition of the first two baroclinic modes
does not significantly improve the results. If, however, we add both of these modes,
the SSH anomalies represented by the superposition of three baroclinic modes and
the barotropic mode are appreciably enhanced, leading to significant improvement
in the agreement between the modelled and parameterized SSH anomalies
(Fig. 8, c).

Approximation of the modelling results by the relation (1) shows that
the exponent, equal to 0.99, practically coincides with unity, and the proportionality
constant, equal to 7.46-107%, is between the values of the constants in
the parameterizations [3, 4] (6.9-10~°) and [5] (8.6-107°). This result indicates that
TC-induced SSH anomalies measured by altimeters are composed of not only several
baroclinic modes but apparently the barotropic mode even in deep ocean conditions
with depths exceeding 2 km.

Discussion

Fig. 8, ¢ shows that the observed SSH anomalies produced by moving TCs,
presented in the form (1), are reproduced by the superposition of the first three
baroclinic modes and the barotropic mode. However, in the model [6], the changes
in the Coriolis parameter with latitude were not taken into account. As noted in [1],
the currents corresponding to the barotropic trough and the baroclinic ridge (lifted
pycnocline) should respond to the changes in the Coriolis parameter with latitude.
It means that the steady-state barotropic and baroclinic perturbations should be
altered by breakdown into planetary waves. The time required for the breakdown is
given in [15] and is estimated as one day for the barotropic trough and several weeks
for the baroclinic ridge. We conclude that the barotropic component happens to be
substantially dissolved by planetary wave radiation by the time the altimeter passes
over the TC track, since the time lag between the altimeter acquisition time and TC
passage time is likely to be greater than one day. Based on this, consideration of
the barotropic component when interpreting satellite altimeter measurements seems
unjustified.

In this context, we consider the modelled SSH anomalies in Fig. 8, ¢ as unrealistic.
Unfortunately, as we noted in the previous section, the superposition of three
baroclinic modes, producing a more stable perturbation of SSH, underestimates
observed SSH anomalies presented in the form of parameterizations [3-5] (Fig. 9). To
improve the agreement between the model and parameterizations [3-5], we consider
wind-dependence of the drag coefficient different from that used so far (Fig. 1, c).

Little is known about the behavior of the drag coefficient at wind speeds greater
than 40-50 m-s~t. Experimental estimates differ from one another even in terms of
tendencies. For example, the results of studies [16, 17] indicate an almost constant
value of the drag coefficient at hurricane winds, which ranges from 0.002 to 0.0025.
In turn, the results of recent studies [3, 18, 19, 5] suggest a decrease in the drag
coefficient with increasing wind speed. The authors of [14] proposed a different
parameterization of the resistance law based on the results of laboratory experiments
and numerical modelling. In that study, there is no monotonic attenuation of the drag
coefficient with increasing wind speed. At wind speeds greater than 25 m-s, this
parameterization gives systematically larger values of Cq (around 2.25-1073)
compared to that used in our calculations so far (see Fig. 1, b).

PHYSICAL OCEANOGRAPHY VOL.32 1SS.3 (2025) 421



I Main Cy Soloviev C; Exponent

6.9 8.6
BC1 |

0.95

BCI+BC2 |

0.97

BC1+BC2+BC3

1
0 2 4 6 8 10

Coefficient x 10°°

F i g. 9. Values of proportionality constants in the approximation of modelled SSH anomalies by
a power function of the form (1) for different combinations of modes and using different drag
coefficients. Black and gray bars correspond to calculations with the drag coefficients shown by black
and gray lines in Fig. 1, b respectively. Numbers in blue show the exponents in the approximation of
modelled SSH anomalies by apower function (1). Horizontal lines show the values of

the proportionality coefficients in the parameterizations [3, 4] — 6.9-107¢ and [5] — 8.6-107°

If we apply the parameterization [14] to estimate the wind stress and repeat
the calculation SSH anomalies associated with the superposition of the first three
baroclinic modes, the agreement between the modelled surface displacements and
the displacements predicted by the parameterizations [3-5] is noticeably improved
(Fig. 8, d). The approximation of the modelled SSH anomalies by the power
function (1) has the proportionality constant 8.77-10~° which is close to 8.6-107° —
the proportionality constant in the parameterization [5]. Fig. 9 shows how the results
change in terms of the proportionality constant and the exponent in
the approximation of the modelled SSH anomalies by expression (1) when
considering different combinations of baroclinic modes. It is evident that usage of
Cq from [12], whatever the combination of baroclinic modes, cannot reproduce
parameterizations [3-5]. On the other hand, usage of Cq4 from [14] results in better
agreement with the mentioned parameterizations when two or three baroclinic
modes are considered. If a more definite choice of the mode combination is needed
then the superposition of three baroclinic modes is the optimal one. This is because
low-wind-speed points cluster slightly below the power law approximation of
the modelled SSH anomalies, and they are uniformly distributed between
the parameterizations [3-5]. The better performance of the drag coefficient from
[14] in modelling SSH anomalies is in some contradiction with the conclusions of
work [3], in which it was shown that Cq for hurricane-force winds should decay with
increasing wind speed, ensuring asymptotically constant wind stresses at extremely
high wind speeds (see Fig. 15 in [3]).
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Conclusion

In this paper, we analyzed the formation of TC footprints in sea surface height
(SSH) anomalies that are observed by satellite altimeters, and which have simple
parameterization in the form of relation (1) [3-5]. For the analysis, a simplified model
of the barotropic and baroclinic response of the ocean to moving TCs proposed in [6]
was used. The model was applied to simulate SSH anomalies produced by TCs of
the first category and higher, which propagated in different regions of the World Ocean
in the time period from 2010 to 2020. SSH anomalies were simulated for of 400 TCs
using observed TC parameters and ocean stratification.

The main factor determining the steady-state SSH anomaly in the wake of
the TC is the vorticity of the wind stress. The atmospheric pressure anomaly in
the TC and the divergence of the wind stress generates significant disturbances of
the sea surface directly under the TC, which, however, fade out in the wake and
therefore do not significantly contribute to the steady-state SSH anomaly which
dominates satellite altimeter signal.

Applying the model [6] to the global set of TCs, we showed that the relative
contribution of the second baroclinic mode to the SSH anomaly compared to the first
mode is significant and is more than 36% in half of the modelled cases.
The contribution of the third baroclinic mode relative to the superposition of the first
two is not as significant and does not exceed 30% with a median value of 14%.

Addition of the barotropic mode to the superposition of the first two baroclinic
modes results in an increase in the ocean surface displacement. In the ocean with
a local depth exceeding 2 km, the influence of the barotropic mode is appreciable so
that this mode can increase SSH anomaly associated with the first two baroclinic
modes by about 100%. With decreasing depth, addition of the barotropic mode can
increase the total SSH anomaly (barotropic plus two baroclinic) by more than 100%.
However, the geostrophic currents associated with the barotropic perturbation of
the sea surface is less stable than the baroclinic one, so that the barotropic trough is
altered by the radiation of planetary waves on time scales of the order of one day
[1, 15]. Therefore, it can be expected that the barotropic surface displacements are
absent in the altimetry data on the SSH anomalies parameterized in [3-5], because
in these studies the time delay between local altimeter measurements and TC passage
reached 7 days.

Analysis of modelled TC-induced SSH anomalies in dimensionless variables
clearly indicated that the ocean surface displacements which were parameterized in
[3-5] are multimodal. The average level of the observed SSH anomalies is well
reproduced by the superposition of three baroclinic modes when the drag coefficient
proposed in [14] is used to calculate the wind stress. This conclusion differs from
the results of the study [3], from which it follows that in the range of hurricane-force
winds the drag coefficient decreases monotonically with increasing wind speed.
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Appendix
Dimensionless coefficients in the equation for WZ(")(Z) are given by

the following expressions:

_ 2 cos(Z, + ¢y,) —rcos(dy — dy)
hn =7 <Fn> COS(Zn + q)n)(l + (DZn) - r(Sn/Zn)COS(Sn - q)n)(l - q)éin)
az = 2 ) 2Ny /(N; = Ny)
an 2:n COS(Zn + q)n)(l + q)):n) - T(Sn/zn)cos(sn - (I)n)(l - q)'dn) '
where
oo 0bn _ Casin®(pn)
0%, T Np(H — d)3n
2
by, = 20n __Casin’(@n)

08, B NZ(H - d2)8n

and r = (N1-N2)/(N1+Nz). Variables Y= >(Cy), on= 8(Cs), on= ¢(Cy) are defined by
the following functions evaluated at C = Cy:

5(C) = 1vlcd1 + Nz(dz—dl)’

N,d Np(dy—dq)

8(C) = 1C1_ 2 (z: et
N,(H —dp)/C

o (C) = arcsin\/1 NTACET AT

Separation constants C, are calculated as roots of the transcendental equation

(values of C, decrease with the mode number n):
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sin(Z(C) + ¢(C)) — rsin(8(C) — $(C)) = 0.
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